Master equations for thermal unimolecular reactions and the reverse thermal recombination reactions are solved for a series of model reaction systems and evaluated with respect to broadening factors. It is shown that weak collision center broadening factors F wc cent can approximately be related to the collision efficiencies β c through a relation F wc cent ≈ max {β c 0.14 , 0.64(±0.03)}. In addition, it is investigated to what extent weak collision falloff curves in general can be expressed by the limiting low and high pressure rate coefficients together with central broadening factors F cent only. It is shown that there cannot be one "best" analytical expression for broadening factors F(x) as a function of the reduced pressure scale x = k 0 /k ∞ . Instead, modelled falloff curves of various reaction systems, for given k 0 , k ∞ , and F cent , fall into a band of about 10% width in F(x). A series of analytical expressions for F(x), from simple symmetric to more elaborate asymmetric broadening factors, are compared and shown to reproduce the band of modelled broadening factors with satisfactory accuracy.
I. INTRODUCTION
The pressure dependence of thermal unimolecular dissociation and the reverse thermal recombination reactions is of large fundamental and practical importance such that it continues to receive considerable attention. In the framework of the Lindemann-Hinshelwood (LH) model of unimolecular reactions (see, e.g., Ref. 1) it is characterized by a pseudo-first order rate constant for dissociation
which with varying reaction order, depends on the bath gas concentration [M] and hence on the pressure. It changes from a limiting low pressure second order rate constant k 0 = Z [M] f* (where Z [M] denotes the collision frequency for energy transfer and f* is the equilibrium population of reactive states) to a limiting high pressure first order rate constant k ∞ = k*f* (where k* denotes the first order rate constant for dissociation of reactive states). In doubly reduced form, i.e., with k/k ∞ as a function of the [M]-and, hence, pressureproportional ratio x = k 0 /k ∞ , the "falloff" expression of the rate constant given by Eq. (1.1) alternatively can be written as
with a "Lindemann-Hinshelwood factor" F LH (x). The pressure dependence thus is expressed by the ratio of the two parameters k 0 and k ∞ . It is well known that more detailed unimolecular rate theory leads to a broadening of the reduced falloff curves which can be represented in the form 2 k/k ∞ = F LH (x)F (x) (1.3) a) Author to whom correspondence should be addressed. Electronic mail: shoff@gwdg.de.
with a "broadening factor" F(x) = F sc (x)F wc (x) composed of strong collision and weak collision broadening factors, F sc (x) and F wc (x), respectively. The former can be calculated when Eq. (1.1) is replaced by an expression which takes into account the energy (E)-and angular momentum (quantum number J)-dependences of k* and f* in Eq. (1.1) through
Here, E 0 (J) denotes the threshold energy for dissociation, f(E,J) are the equilibrium populations, and k(E,J) are the specific rate constants for dissociation. The evaluation of a large number of rigid activated complex RRKM (Rice-Ramsperger-Kassel-Marcus) calculations of k for a variety of reaction systems 2, 3 has suggested that F sc (x) in the simplest way can be approximated by (1. 6) related to F sc cent . Allowing for further complexity, asymmetry corrections of Eq. (1.5) were also elaborated. 2, 3 Since the proposition of Eq. (1.5), a series of alternative falloff expressions have been proposed (see, e.g., Refs. 4-15). Nevertheless, Eq. (1.5) has proven most convenient for representing experimental and theoretical results and is widely used in gas phase kinetics (see, e.g., the combustion and atmospheric chemistry data bases [16] [17] [18] ). Explicit solutions of master equations of unimolecular reactions with the aim to obtain weak collision broadening factors F wc (x) in the falloff range have been much less frequent. 2, 19, 20 In order to account for weak collision effects, one might be tempted to multiply the collision frequency Z in Eq. (1.4) by a collision efficiency β c which is smaller than unity. The result of this approach would be a neglect of weak collision broadening, i.e., F wc (x) = 1. (x) , and finally about the influence of specific molecular parameters on F wc (x). These questions have already been addressed nearly 30 years ago, but the required calculational effort was not invested at that time. Therefore, the present work comes back to the problem with the aim of providing practically useful and theoretically validated expressions for weak collision broadening factors.
In the second part of this work, general expressions for total broadening factors F(x) = F sc (x)F wc (x) are considered again. The question arises, how well the pressure dependence of falloff curves can be represented by the parameters k 0 , k ∞ , and F cent = F(x = 1) only and how large, system-specific, deviations from such a relationship have to be expected. It does not appear very meaningful to look too much for alternative functional forms of F(x) which go beyond Eqs. (1.5) and (1.6), even if weak collision contributions such as Eq. (1.7) (or the extension from the present work described later) are included. The so far available falloff calculations all suffer from simplifications; either only strong collision treatments were employed, mostly even neglecting J-dependences, or collisional energy transfer did not account for rovibrational energy transfer. Therefore, as long as calculations of the falloff curves remain only approximate, simple expressions such as Eqs. (1.5) and (1.6), and their asymmetry extensions such as proposed in the present work, continue to have their justification.
II. SOLUTION OF THE MASTER EQUATION
In general form the rate constant k is given by
where h(E,J) denotes a non-equilibrium population factor. For strong collisions, according to Eq. (1.4), h(E,J) has the form
at E ≥ E 0 (J), while it is unity at E < E 0 (J). Along the falloff curve, for
at the low pressure limit to unity at the high pressure limit. In order to obtain h(E,J) for weak collisions, the full master equation of the unimolecular reaction needs to be solved. Besides k(E,J), this also requires information on the collisional energy transfer transition probabilities P(E , J ;E,J) from (E, J) to (E , J ), as well as the total energy transfer frequency per unit concentration Z(E,J).
In the following we restrict ourselves to an exponential collision model on the energy scale using 22 
P E , E
3) with the two parameters α and γ , see below. Under steadystate conditions, for not too high temperatures (say E 0 /kT > 10), and extending the lower limit of the energy scale to −∞, the master equation in continuous form then can be transformed into the corresponding integral equation for the non-equilibrium factor
Solving this equivalent of the steady-state master equation leads to h(E) and through Eq. (2.1) to the rate constant k. In the following we describe several methods to solve Eq. (2.4), see also Refs. [19] [20] [21] [22] . After this, we summarize our results for h(E) and F(x).
One way to solve the integral Eq. (2.4) is an iterative procedure. One inserts a trial function h (0) (E) into the righthand side of the equation, obtains a first approximation h (1) (E) which again is inserted into the right-hand side, and so on. This method was originally used in Ref. 2 and led to Eq. (1.7). A series of different algorithms in the meantime were applied in other work (see, e.g., Refs. 23 and 24, and work cited therein), mostly employing exponential down collision models which are similar but not identical with the present overall exponential model of Eq. (2.3).
In the present work we have chosen two methods to solve Eq. (2.4) which we briefly characterize in the following. Before we do this, a number of transformations of equations and parameters appear appropriate. As stated before, we restrict ourselves to a 1D-exponential collision model on the energy scale only. However, we retain the J-dependence in the employed k(E,J) and E 0 (J) for the calculation of the final rate constant. The nonequilibrium factors h(E) are thus calculated relative to the E 0 (J) (denoted by E 0 ). The parameters α and γ in Eq. (2.3) are linked by detailed balancing. Following the simplification suggested in Ref. 22 , this is accounted for by using
with F E defined through
in order to characterize the energy dependence of the rovibrational density of states ρ(E,J) in an averaged way. The equilibrium population f(E,J) here is expressed by
with the rovibrational partition function
(2.9)
We furthermore relate the collisional parameter α in Eq. (2.3) to the collision efficiency β c , such as obtained from the analytical solution of the master Eq. (2.4) for the low pressure limit of the reaction. 22 This is done through 10) which is equivalent to the relation
with the average (total) energy transferred per collision E = γ − α. In this way, α and γ can be expressed through β c and F E by
Using these relationships, we characterize our collision model and the system temperature through the two quantities β c and F E .
It is well known that the integral Eq. (2.4) by differentiation can be transformed into a linear differential equation of second order which in turn is equivalent to two coupled linear differential equations of first order. With the exponential collision model these transformations lead to
where
Following this, the pair of equations 17) needs to be solved. One should note that ϕ(y) decreases with increasing y and, for y < 0, it has the simple form ϕ(y)
The coefficient a − later on will be determined explicitly. One should realize that both ϕ(y) and dϕ(y)/dy are continuous functions at y = 0 which provides matching conditions for the solutions obtained in the ranges y < 0 and y > 0.
The pair of differential Eqs. (2.16) and (2.17) can be numerically solved by standard methods. In order to obtain stable solutions, the stepwise integration should be started at large values of y and proceed towards smaller values. In the following we often refer to an auxiliary function P(y) given by the root of the bracket in Eq. (2.14), i.e., by
As shown below, ϕ(y) and η(y) for large values of y with this function approach the values
This provides a proper starting condition for the integration in the form y (0) = 20 F E kT/γ , where ϕ(y (0) ) ≈ 1 and η(y (0) ) ≈ −P(y (0) ). One should note that ϕ(y) has a free scaling factor which later on is fixed by the matching conditions at y = 0. The integration is continued until y = 0 is reached and the matching of h(E) from Eq. (2.15), by means of the derived ϕ(y) and η(y), with the solution of Eq. (2.18) for y < 0 can be performed. This fixes the scaling factor as C = 2/[ϕ(y = 0)−2η(y = 0)/β c 1/2 ] and the coefficient a − follows as
III. "SEMICLASSICAL" SOLUTION OF THE MASTER EQUATION
Although the procedure outlined in Sec. II leads to accurate numerical results for the nonequilibrium factor h(E) and, hence, for the rate constant k, the alternative, approximate, solution discussed in this section provides useful additional insight and also leads to some interesting analytical relationships.
The differential Eq. (2.14) has a form which is analogous to the Schrödinger equation of quantum mechanics. One, therefore, may take advantage of the WKB (Wentzel, Kramers, Brillouin) "semiclassical" approximation to the solution of the differential equation. 25 For simplicity, for the present problem, we also term this solution "semiclassical". This solution of Eq. (2.14), for y > 0 with P(y) from Eq. (2.19), has the form
with a scaling parameter a + . Matching this expression at y = 0 to the solution of Eq. (2.18) for y < 0, gives
This "semiclassical" result, with Eqs. (3.2) and (3.3), reproduces the known analytical formulae for the limiting low and high pressure limits of the reaction. For y < 0 (i.e., E < E 0 ), in the low pressure range in particular one has
while, for y > 0 (i.e., E ≥ E 0 ), one has
(3.5)
On the other hand, h(E) in the high pressure range approaches unity everywhere.
In spite of this good performance of the "semiclassical" solution in the limiting ranges, it does not work too well in the middle of the falloff curves. However, we worked out how this problem can be overcome. For general values of y, we replaced P(y = 0) in Eq. (3.2) by an average value P av given by 6) where x = k 0 /k ∞ as before and y av is the solution of the equation
with S 0 (x) ≈ 1. 
The quality of the so modified "semiclassical" solution of the master equation is excellent except in few exceptional cases such as demonstrated in the following model calculations. The "semiclassical" solution has the advantage of being much simpler than the full numerical treatment and, therefore, may find applications in some situations.
IV. NUMERICAL EXAMPLES: DISSOCIATION OF FORMALDEHYDE
In order to illustrate our rate constant calculations in the falloff range, we first show results for the thermal decomposition of formaldehyde H 2 CO. This is a complicated reaction system with superimposed formation of molecular (H 2 + CO) and radical (H + HCO) products. As we have in hand detailed results for the sum of the specific rate constants k(E,J), 26 we have used them for model calculations of total, strong, and weak collision broadening factors, F tot (x), F sc (x), and F wc (x), respectively. More detailed results for molecular vs. radical product branching fractions in the falloff range were also determined but are reported elsewhere. 26 We note in passing that the present calculations neglect tunnelling for the molecular channel which would lead to an additional broadening of the falloff curves, see Ref. 27 . It does not appear meaningful to include tunnelling contributions into general expressions of the type of Eqs. (1.2)-(1.7) , because the true limiting low pressure range may be reached only at inaccessibly low pressures; in addition, there may be levelling off at a pressure independent low pressure limit. We propose to consider falloff curves neglecting tunnelling first and then add the system-specific tunnelling contributions such as shown in Ref. 27 . Total broadening factors F tot (x) for 1000 K, corresponding to F E = 1.111, are shown in Fig. 3 for a series of collision efficiencies β c . Obviously, there is a considerable influence of weak collisions on the shape of the total broadening factors. Again accurate, numerical (full lines) and approximate, "semiclassical" (dots) results are in excellent agreement. Next, the question arises whether the weak collision broadening factors F wc (x) have a similar functional form as the strong collision broadening factors F sc (x) such that a common expression could be used for practical applications. For example, in the simplest case one might want to approximate F tot (x) by ences and F tot (x) needs not to coincide with F sc (x) multiplied by F wc (x). However, these effects are only subtle and appear negligible compared to the problem of an accurate characterization of the full strong collision falloff curve.
Finally, we inspect the dependence of 
V. NUMERICAL EXAMPLES: DEPENDENCE OF WEAK COLLISION BROADENING ON MOLECULAR PARAMETERS
The weak collision broadening factors F wc (x) in Sec. IV, for the model dissociation of formaldehyde, were shown to depend on the efficiency of collisional energy transfer such as characterized by the collision efficiency β c . In the present section we inspect further dependences on specific molecular parameters. We design artificial molecular systems in which such parameters are varied. We consider dissociating molecules of various numbers of atoms, with various combinations of fragments, dissociation energies, rigidities of the transition states, and for different temperatures. A selection of results is documented by the figures of this section. We randomly select the frequencies of the conserved oscillators of the parent molecules and fragments between 1000 and 3000 cm −1 . We consider orbiting transition states which are either completely loose (phase space theory, PST) or partially rigid with transitional mode rigidity factors f rigid (E,J) either of the form f rigid (E,J) and B e = 1 cm −1 ), Fig. 8 provides PST results for F tot (x) for two spherical top fragments (with rotational constants B 1 = 1 cm −1 and B 2 = 2 cm −1 ). In this example, for small collision efficiencies β c < 0.1, exceptionally we found some deviations between the "semiclassical," approximate solutions of the master equation (full lines) and the accurate, numerical results (points). However, such deviations were rare, while the agreement between the two solutions usually was as good as demonstrated in Fig. 3 .
The influence of the temperature on the weak collision broadening factors F wc (x) is documented in Figs. 9 and 10 for atom + symmetric top fragments, while Fig. 11 (corresponding to the same temperature as used in Fig. 9 ) compares the results for spherical top + spherical top fragments and for a larger molecular system. One recognizes some influences of the various parameters on the detailed shapes of F wc (x). However, in all cases one observes the same levelling of 
VI. APPROXIMATE EXPRESSIONS FOR GENERAL BROADENING FACTORS F(x)
Inspecting the large number of our calculated broadening factors, parts of which were illustrated in Secs. IV and V, one observes that curves with the same F cent or F min nevertheless have slightly different, system-specific, shapes of the total broadening factors
. One, therefore, cannot hope for one, optimum, functional form of equally well with the measurements as more complicated expressions accounting for the asymmetry of the broadening factors (see Fig. 2 where N = 0.75-1.27 log F cent , N = 0 for log (1.4x) > 0, and N = −0.65 log F cent for log (1.4x) < 0. Finally, Fig. 16 compares F tot (x) with the expression
where N = 0.75-1.27 log F cent , N * = 2 for log (1.5x) > 0, and N * = 2[1-0.15 log (1.5x)] for log (1.5x) < 0. The calculated broadening factors include two formaldehyde-curves with (T/K, β c , F cent ) = (1000, 0.08, 0.45) and (3000, 0.4, 0.45), 4 four-atomic → atom + top-curves with (1000, 0.0001, 0.45), (3000, 0.13, 0.45), (1000, 0.9, 0.7), and (1000, 0.5, 0.7, anisotropic rigidity factor), 2 four-atomic → atom + linearcurves with (3000, 0.01, 0.45) and (1000, 0.27, 0.7), and one eight-atomic → atom + top-curve with (1000, 0.4, 0.45). The latter curve deviates from the others most at x > 1 whereas the four-atomic → atom + top-curve with β c = 0.0001 deviates most for x < 1. Nevertheless, the deviations of Eqs. (6.1)-(6.3) from the set of calculated broadening factors do not exceed about 10%.
The dotted lines in Figs. 14-16, for comparison, correspond to the simplest modelling expression of Eqs.
(1.5) and (1.6). Although Eqs. (6.1)-(6.3) in general better account for the asymmetry of the broadening factors (i.e., broader falloff curves at x < 1 and narrower curves at x > 1), the performance of Eqs. (1.5) and (1.6) still appears satisfactory, with deviations from the band of calculated broadening factors also not exceeding more than about 10%.
VII. CONCLUSIONS
The present work, in its first part, has addressed the question to what extent weak collision broadening factors of falloff curves can be represented in a general fashion. We found that this indeed appears possible by relating the weak collision center broadening factor F wc cent to the weak collision efficiency β c . Equation (5.1) in the form was shown to provide such a general relationship. Full weak collision broadening factors F wc (x) were found to be of similar, but not of identical form as the total broadening factors F tot (x). Nevertheless, the differences turned out to be comparably small.
In the second part of this work, we compared a series of modelled total broadening factors F tot (x) of weak collision falloff curves with a variety of simple analytical formulae. We were interested in the question, to what extent expressions for F tot (x) with a minimum number of parameters can represent the general behaviour. We observed that, for a given center broadening factor F tot (x = 1) = F cent , the modelled F tot (x) fall within a band of about 10% width with system-specific deviations from an average curve. Modelled falloff curves of the described kind thus can be characterized by the quantities k 0 , k ∞ , and F cent only to within about 10%. Nevertheless, this precision appears acceptable for most practical applications. Beyond this precision, one would need a more detailed theory which would be accurate in a variety of aspects and which presently appears out of reach.
There remains the often discussed question what would be "the best" formula to represent a falloff curve. According to the present work this question has no answer. Because of the fine details of individual reaction systems, there cannot be "one best" general expression for representing falloff curves. Instead, a variety of formulae work more or less equally well and it does not appear meaningful to prefer one over another. Ironically, the initially proposed symmetric broadening factor 2 log F tot (x) ≈ log F cent /[1 + (log x/N) 2 ] (7.2)
with N = 0.75-1.27 log F cent on the whole still works similarly well as the more complicated asymmetric broadening factors described by Eqs. A crucial point of data representation is the proper choice of F cent . Whenever this is possible, it should be taken from the experimental data. When these are too limited or uncertain, unimolecular rate theory may help to estimate F sc cent . In addition, however, the weak collision contribution F wc cent should not be forgotten. It can be related to the collision efficiency β c through Eq. (7.1). On the other hand, β c is obtainable from an analysis of k 0 .
If F cent is treated as a fit parameter for a too small part of an experimental falloff curve or if, for convenience, F cent is chosen as an average standard value (e.g., F cent ≈ 0.6 such as done in Ref. 18 ), then one must be prepared that the values for k 0 and k ∞ deviate from the true values. This is of little relevance if only a parametrized representation of a certain part of the falloff curve is intended. However, it then may be difficult to relate the properties of the fitted k 0 and k ∞ to theoretical models of these limiting rate constants.
One final remark concerns the group of reactions considered here which are "normal" thermal unimolecular reactions and the reverse thermal recombination reactions. Tunneling effects, which lead to additional broadenings of the falloff curves at the low pressure side, have not been included, see above. Obviously, the given treatment only applies to overall rates and not to branching fractions in multi-channel dissociations or complex-forming bimolecular reactions of multiwell character. In this case, the phenomena of "rotational and vibrational channel switching" take place. 31 Multi-well unimolecular reaction codes 32 then are helpful to the extent that rotational effects can be handled realistically.
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